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Abstract
We study BPS monopoles in 4 dimensional N = 4 SO(N) and Sp(N)
super Yang-Mills theories realized as the low energy eective theory of N (
physical and its mirror ) parallel D3 branes and an Orientifold 3 plane with
D1 branes stretched between them in type IIB string theory. Monopoles on
D3 branes give the natural understanding by embedding in SU(N) through
the constraints on both the asymptotic Higgs eld ( corresponding to the
horizontal positions of D3 branes ) and the magnetic charges ( corresponding
to the number of D1 branes) imposed by the O3 plane. The compatibility
conditions of Nahm data for monopoles for these groups can be interpreted
very naturally through the D1 branes in the presence of O3 plane.
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In the last year we have seen how string/M theory can be exploited to understand non-
perturbative dynamics of low energy supersymmetric gauge theories in various dimensions
and dierent number of supersymmetries. D brane dynamics in string theory is very useful
tool for the gauge theory which is realized on the worldvolume of D branes ( See [1] for a
review and references on the interrelation between D brane dynamics and the gauge theory).
Nahm’s construction [2] of the moduli space of magnetic monopoles [3] was found in [4]
by considering parallel D3 branes and D1 branes stretched between them in type IIB string
theory. The mirror symmetry of N = 4 gauge theory in 3 dimensions was described in [5] by
changing the position of NS5 branes and was due to the nonperturbative S-duality of type
IIB string theory ( See, for example, [6] ). As one changes the relative orientation [7] of the
two NS5 branes while keeping their common four spacetime dimensions intact, the N = 2
supersymmetry is broken to N = 1 supersymmetry [8]. By studying this brane conguration
they [8] described and checked a stringy derivation of Seiberg’s duality. This conguration
was generalized to the case with orientifolds which studies N = 1 supersymmetric gauge
theories with gauge group SO(N) and Sp(N) [9] ( See also [10] for a relevant geometrical
approach ). Both D4 branes and NS5 branes in type IIA string theory originate from a
single M theory vebrane [11]. The worldvolume of M5 brane includes, in addition to four
spacetime, Seiberg-Witten curve where it is uniquely identied with the ones satisfying the
solutions for Coulomb branch of the 4 dimensional eld theory. Further generalizations of
this result with orientifold were studied in [12]. The exact low energy description of N = 1
supersymmetric SU(N) gauge theories with flavors have been found in [13] ( See also [14]
for the theory with orientifolds ).
On the other hand, in the eld theory, magnetic monopoles have been the object of in-
tense interest as solitons which after quantization are complementary to particles that arise
as quanta of the elementary elds. This has been developed by Montonen and Olive [15]
that in certain theories there exists an exact electromagnetic duality which exchanges soli-
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tons and elementary quanta and weak and strong coupling. In fact, N = 4 supersymmetric
Yang-Mills theory is the candidate theory with this duality [16,17]. In brane picture, the
Montonen-Olive duality can be regarded as S-duality of type IIB string theory in the limit
of vanishing of fundamental string scale. In general, it is very hard to solve the general BPS
monopole eld conguration but the systematic construction for the solution has been done
by Nahm [2], so-called Nahm’s equation which is some nonlinear ordinary dierential equa-
tion. Up to a coulple of years ago, the origin of Nahm’s equation was unclear mathematical
artifact. However, the string theory tells us that it naturally comes through the D1 brane
conguration suspended between D3 branes. This was shown in [4] for SU(N) monopoles.
In this paper, we generalize the approach of [4] to SO(N) and Sp(N) magnetic monopoles
and see how the O3 plane plays an important role in understanding monopoles in SO(N)
or Sp(N) gauge theories.
II. MONOPOLES IN SUPERSYMMETRIC GAUGE THEORIES
In this section we briefly review the Bogomol’nyi-Prasad-Sommereld (BPS) monopoles
[18]. We consider the model with the Higgs elds  in the adjoint representation of the
arbitrary gauge group G with rank n in the BPS limit in which the potential of the scalar
elds are ignored. This is the case of the extended supersymmetric models.
The BPS monopole congurations can be described by the following rst order equations
Bi = Di (1)
where ijkBk = @iAj − @jAi + i[Ai; Aj ] and Di = @i + [Ai;]. The asymptotic value 0
of the Higgs eld  along some xed direction can be written as [19]
0 = h H (2)
where the n commuting matrices Hi span the Cartan subalgebra and are normalized by
TrHiHj = ij . The simple roots can be chosen to have non-negative inner products with the
vector h in the root space.
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For the generic value of h with no simple roots orthogonal to that, the gauge group G
is maximally broken to U(1)n. If some simple roots γj (j = 1;    ; k) are orthogonal to
h, then the unbroken gauge group becomes U(1)n−k K where K is the semisimple group
corresponding to the root sublattice of γj . Much physics of this nonabelian unbroken gauge
group can be understood by taking the limit of h γj ! 0 of the generic maximal symmetry
breaking [20]. Hence we will mainly consider maximal symmetry breaking to U(1)n for
simplicity.














where  = =2 is the dual of the root  and the ma are non-negative integer valued
topological charges.
Since each root denes an SU(2) subgroup, we can construct the corresponding SU(2)
monopole solution. For maximal symmetry breaking, the monopole corresponding to each
of the n simple roots a is the fundamental monopole carrying the unit of U(1) magnetic
charge and with the mass Ma =
4
e
h  a. If some simple roots γa become orthogonal to
h giving rise to the unbroken nonabelian gauge group, then the corresponding monopoles





can be understood as the multimonopole conguration containing set of ma monopoles of
each of the above n dierent fundamental monopole types. This is consistent with the
analysis that each fundamental monopole is associated with four moduli corresponding to
the three positions and one U(1) rotation and that the total dimension of the moduli is
preserved in the limit of some monopoles becoming massless.
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For SU(N), the asymptotic Higgs eld can be written as
0 = h H = diag(1; 2;    ; N−1; N) (6)
with
PN
a=1 a = 0. Maximal symmetry breaking corresponds to all dierent values of a. If
some of the a have the same values, we have some nonabelian unbroken gauge group. For





h  a = ja − a+1j: (7)
The magnetic charge of the monopoles, g H, becomes
g H = diag(k1; k2;    ; kN−1; kN) (8)
with ka = ma −ma−1 (a = 1;    ; N − 1), and kN = −(k1 +   + kN−1).
The matrix representation of the Higgs eld and the magnetic charges for other classical
gauge groups of SO(N) and Sp(N) can also be done in a straightforward way. Related to
the later analysis, it is helpful to realize these matrices by embedding to SU(N). This can be
described with the constraints among the SU(N) generators. The generators of Sp(N) can
be obtained through the constraint T tJ + JT = 0 such that JJ = −I, and the generators
of SO(N) are given by the constraints T tK + KT = 0 with KK = I. The asymptotic
values of the Higgs elds in SO=Sp group can then be identied to those in SU(N) group
satisfying some relations. Let a (a = 1;    ; n) represent the magnetic charges of the SO=Sp
- multimonopole conguration. The SO=Sp - magnetic charges will also be related to the
SU(N) - magnetic charges ma satisfying some relations. The results are summarized as
follows ( See, for example, [21] ).
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G G-charges 0 in SU(N) SU(N)-charges
Sp(N) 1;    ; n a = −2n+1−a ma = m2n−a = a
N = 2n a = 1;    ; n a = 1;    ; n
SO(N) 1;    ; n−2 a = −2n+1−a ma = m2n−a = a
N = 2n +; − a = 1;    ; n a = 1;    ; n− 2
mn−1 = mn+1 = + + −
mn = 2+
SO(N) 1;    ; n a = −2n+2−a ma = m2n+1−a = a
N = 2n+ 1 a = 1;    ; n+ 1 a = 1;    ; n− 1
mn = mn+1 = 2n
Table 1: The embedding of Sp(N) and SO(N) in SU(N).
The systematic construction of the general BPS monopole eld congurations can be
described based on Nahm data [2]. We rst review the case of SU(N) monopole.
The Nahm data for the multi-monopoles carrying charges (m1;    ;mN−1) are dened
by the N − 1 triples of the analytic u(ma) valued functions X ia, where i = 1; 2; 3 and













a ] = 0: (9)
The Nahm data in two adjacent intervals also satisfy the following boundary conditions near
each a:
i) If ma−1 < ma, then X
i
a−1 has a non-zero limit C
i
a = lims!−a X
i
a−1 and is analytic at
s = a. Also X
i
a can be written in a block form expansion as t  s− a ! 0,
X ia =












where T ia forms an (ma − ma−1) - dimensional irreducible representation of su(2) and
γ = (ma −ma−1 − 1)=2. The upper diagonal block is analytic and the lower diagonal block
is meromorphic in t.
ii) If ma−1 > ma, the roles of ma−1 and ma are reversed.




a are both analytic near s = a with nite limits required
to satisfy a certain regularity condition.
We take the convention of m0 = 0 = mN to cover the boundary conditions at 1 and N .
As for the SO(N) and Sp(N) monopoles, the Nahm data are naturally described in
relation to the embedding of these gauge groups into SU(N). The SO(N) and Sp(N) mul-
timonopole magnetic charges a and the asymptotic Higgs elds will correspond to SU(N)
charges ma and Higgs elds as given in the Table 1. With this correspondence, the Nahm
data for SO(N) and Sp(N) monopoles will satisfy the same Nahm equation in Eq.(9) as
that of SU(N). As for the boundary conditions between two adjacent intervals, we need
the following one more set of conditions in addition to those for the SU(N) described above







with CN−a = C
t
a for Sp(N) and CN−a = −C
t
a for SO(N).
The physical origin of the equivalent description of the monopoles based on the Nahm’s
equation with special boundary conditions are not clear at the eld theory level. We will
see in the next section how this relation is naturally realized through the D branes.
III. SO(N) AND SP (N) MONOPOLES AND BRANES WITH ORIENTIFOLD
The brane dynamics at low energy of parallel N D3 branes stretched in (x0; x1; x2; x3)
directions in type IIB string theory is described by four dimensional N = 4 SU(N) su-
persymmetric gauge theory. Let us consider, as in Figure 1, N parallel D3 branes with
x6 values 1 < 2 <    < N−1 < N and ma (a = 1;    ; N − 1) D1 branes connect-
ing a-th and the a + 1-th D3 branes. On the D3 brane worldvolume, this conguration
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describes the multimonopole conguration in the maximally broken SU(N) gauge theory.
The Abelian U(1) factor corresponds to the center of mass dynamics of the D3 branes, which
is decoupled. Thus we consider SU(N) gauge theory instead of U(N). This is realized by
the extra condition
PN
a=1 a = 0. The x
6 coordinates a of D3 branes are identied with
the asymptotic Higgs eld value 0 in Eq.(6) in Section II. The D1 branes and their low
energy dynamics will be described as the SU(N) multimonopoles with the magnetic charge
(m1;    ;ma;    ;mN−1) and their moduli . The net magnetic charge, ka, induced on the a-th
D3 brane coming from the ma−1 D1 branes in the interval (a−1; a) and the ma D1 branes
in the interval (a; a+1) will be given by the dierence ka = ma − ma−1. This magnetic
charges of the multimonopole conguration in branes exactly corresponds to those in Eq.
(8) in eld theory description.






















Figure1: Brane conguration for SU(N) monopoles. D3 branes are represented by the
vertical lines with space coordinates (x1; x2; x3), and D1 branes by the horizontal lines in x6
direction. The ma’s are the number of D1 branes and a’s the x
6 positions of D3 branes.
Generically, the values of a’s and ma’s and the positions of D1 branes along the vertical
directions are arbitrary.
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On the D1 branes, the low energy eective action is the 1+1 dimensional supersymmetric
gauge theory with worldvolume in (x0; x6) which can be obtained by the dimensional reduc-
tion of 10 dimensional N = 1 super Yang-Mills action. The theory on D1 branes has eight
supercharges, and there are 2 dimensional gauge elds, scalars and their superpartners. The
scalars come from the transverse oscillations to the worldvolume of D1 branes. There are
two types of scalars : X i (i = 1; 2; 3) along the D3 brane and the rest X ( = 4; 5; 7; 8; 9)
which are transverse to both D1 and D3 branes. Now consider the D1 branes ending on
the D3 branes at a and a+1. We will use the subscript a for the corresponding quanti-
ties, e.g., X ia and X

a . The gauge group for the eective action on these D1 branes will be
U(ma). The condition for supersymmetric ground states for D1 brane congurations can
be easily obtained from the eective action. The ending of D1 branes on the D3 branes at
a and a+1 require some boundary conditions to the elds [4]. The boundary conditions of




a;11 are analytic in a neighborhood of s = a
with nite limits as s ! a. This condition is applied for X ia as well. The parameter s is
used to represent the value of x6 along the D1 branes for comparison with the notations in




a;22 are bump elds which are compactly supported
away from s = a. With these conditions imposed, the equations for the X
i
a elds reproduces
the Nahm’s equation (9).
To see the detail of the boundary condition for the elds X ia, let us assume that ma−1 <
ma. Then we write X
i
a in the block 2  2 block form as Eq.(10). Then the boundary
conditions can be seen to be exactly the same as those described in Section II. That is, X ia;11
is analytic and has the well dened limit, and X ia;12 and X
i
a;21 are analytic around s = a
up to some order γ. Moreover, X ia;22 is in the meromorphic form T
i
a=(s − a) where T
i
a is
the irreducible SU(2) representation. Thus D1 brane point of view shows how the Nahm’s
equation and its boundary conditions naturally occur. Based on the correspondence between
brane conguration and eld theory conguration for the SU(N) monopole we now move
on to Sp(N) and SO(N) gauge groups.
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Understanding the Sp(N) and SO(N) monopoles by embedding these groups in SU(N)
will correspond to inserting the orientifold 3 plane to the previous brane conguration of
N parallel D3 branes with D1 branes connecting them. To keep the supersymmetry the
orientifold 3 plane should be inserted parallel to D3 branes . Also when we put orientifold 3
plane at some position, the same amount as \physical" D branes appearing in the left hand
side of it should be present in the right hand side of it at the opposite positions as their
images. This requires to put the orientifold 3 plane at the central position of N D3 branes.
For an O3+ plane of positive charge with 1=2 D3 brane charge, the gauge group is
Sp(N) while for a O3− plane of negative charge carrying −1=2 D3 brane charge, the gauge
group becomes SO(N) ( See, for example, [22] ). We will consider how O3 plane plays an
important role for getting the constraints on the a and the magnetic charge ma and see
the compatibility conditions of Nahm data for monopoles for these groups very naturally
through the D1 branes in the presence of O3 plane.
A. Sp(N): N = 2n
Now we put O3+ in parallel to D3 branes into the central position between N=2-th D3
brane N=2 + 1-th D3 brane, as in Figure 2. The x6 position of the orientifold will then be
x6 = 0. The presence of the orientifold requires that the brane conguration to the right
hand side should be restricted to be the mirror image of those in the left hand side. As for
the positions of D3 branes, this means that
1 = −N ;    ; N=2 = −N=2+1: (12)
As for the number of D1 branes which corresponds to the magnetic charges, the orientifold
projection requires
m1 = mN−1;    ;mN=2−1 = mN=2+1;mN=2: (13)
There are only n independent ma (a = 1;    ; n) and these are identied with the Sp(N)
magnetic charges a. Eqs.(12,13) are exactly coincident with the constraints of embedding
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Sp(N) in SU(N) we have described in Section II and given in Table 1. Note that the
group theoretical constraints of embedding now has very natural geometrical interpretation
in terms of both the positions of D3 branes and the number of D1 branes.
For the observer on D3 branes, it describes a moduli space of Sp(N) monopoles while
for the observer on D1 branes, it leads to a moduli space of vacua of the SO - gauge theory
on D1 branes. For those stretched between D3 branes in the interval (a; a+1), the gauge
group will be SO(ma). Without the orientifold, the gauge group would be U(ma) leading
to the Nahm equation and the boundary conditions the same as those studied in SU(N)
monopoles in the above. The presence of the orientifold will lead to further projections.
To be more specic, there are ma−1 D1 branes to the left of the D3 brane at a, and
ma D1 branes to the right. Due to the orientifold, there exist ma−1 to the right and ma
to the left at −a as in Eq.(12,13). Let us assume that ma−1 < ma. Then, there will
be net ka = ma − ma−1 D1 branes ending from the right at a and the same numbers
from the left at −a. Without the orientifold, all the states with the U(ka) charges at end
points of the D1 branes at both boundaries will be allowed. With the orientifold, they are
no longer independent. Only those states invariant under the world sheet parity will be
survived. Under the worldsheet parity Ω, the Chan-Paton states jij > will be transformed
into (Ca)ii0ji0j0 > (C
−1
N−a)j0j. We omitted transformation of other irrelevant state indices.
Equivalently the world sheet parity action can be rewritten in terms of the action of Ca and
CN−a on Ta and TN−a as given in Eq.(11). Acting Ω twice will leave the constraints on Ca
and CN−a as symmetric projection CN−a = C
t
a for SO(ka) gauge group, and antisymmetric
projection CN−a = −Cta for Sp(ka) gauge group [23]. Note that SO(ka) (Sp(ka)) group
for D1 branes corresponds to Sp(N) (SO(N)) group on D3 branes. To summarize, we
have shown that the extra symmetry in the Nahm data for Sp=SO groups coming from the
constraint in Eq.(11) arises in the brane conguration through the invariance of the states
under the world sheet parity.
The simplest example is Sp(2). The equivalence of Sp(2) and SU(2) arises because there
is no states projected out by the orientifold. When one considers Sp(4), there exist two
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kinds of monopoles characterized by m1(= m3) and m2 while for SU(4) there are three
independent monopoles by m1;m2;m3 since all states with dierent m1 and m3 charges
in SU(4) congurations are projected out by the orientifold. For higher N  6, it is
straighforward to analyze this procedure as well.
µ µ µ µ µ µ
m
m
1 2 N/2 N/2+1 N-1 N
1
N/2















= µN/2 = - µ2 = µ1--
Figure2: Brane conguration with orientifold O3+ denoted by the hexagons for Sp(N)
monopoles. The values of a’s and ma’s appearing in the right hand side of orientifold are
strictly restricted according to the orientifold projection.
B. SO(N): N = 2n+ 1
In this case, we consider O3−, as in Figure 3, rather than O3+ at the position of x
6 = 0
where a single D3 brane gets stuck on the O3− without its mirror image. As in previous
case, the orientifold action gives rise to the following conditions, 1 = −N ;    ; (N−1)=2 =
−(N+3)=2; (N+1)=2 = −(N+1)=2 and m1 = mN−1;    ;m(N−3)=2 = m(N+3)=2;m(N−1)=2 =
m(N+1)=2 which exactly matches the embedding constraints of SO(N) in SU(N) as shown
Table 1. We obtained these group theoretical constraints as a natural geometrical proper-
ties of the orientifold. Montonen-Olive electric-magnetic duality in eld theory tranforms
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SO(2n + 1) electric charges into Sp(2n) magnetic charge and vice versa. This can be re-
garded as S-duality of type IIB string theory in the limit of string scale, ls ! 0. It turns out
that a system of O3− and D3 brane stuck on it transforms as O3+ under the S duality of
type IIB string theory. As before, the eective theory on D3 branes will describe the SO(N)
monopole moduli while the theory on D1 branes between the interval (a; a+1) through the
1+1 dimensional Sp(ma) supersymmetric theory give the monopole description through the
Nahm data. The analysis of this Nahm data goes in parallel with the Sp(N) case. The only
dierence is that states that are invariant under the antisymmetric projection CN−a = −Cta
will survive because the gauge group is Sp(ka) instead of SO(ka). Again we obtained this
exact correspondence to the symmetry constraints in Eq. (11) via the geometrical world
sheet parity transformation properties.
For the simple SO(3) case, the monopole is described by m1(= m2) which implies SU(2)
monopole all other SU(3) states being projected out. This can be also understood as dual
to Sp(2) theory we have discussed in previous subsection under the Montonen-Olive duality
or S-duality in type IIB string theory. For higher N  5 case, we can understand in a similar
way.
µ µ µ µ µ µ
m
m
1 2 (N-1)/2 (N+3)/2 N-1 N
1 (N-1)/2
















µ(N+1)/2 = 0 µ(N-1)/2 = ==- - -µ µ2 1
Figure3: Brane conguration with orientifold O3− denoted by the hexagons for SO(N)
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monopoles. A single D3 brane is stuck on the O3− plane. The values of a’s and ma’s
corresponding to the images are also restricted according to the orientifold projection.
C. SO(N): N = 2n
Now let us put O3−, as in Figure 4, parallel to D3 branes into the central position between
N=2-th D3 brane N=2 + 1-th D3 brane at x6 = 0. Once again, the orientifold action leads
to the following conditions, 1 = −N ;    ; N=2 = −N=2+1 and m1 = mN−1;    ;mN=2−1 =
mN=2+1;mN=2, which is the same conditions as the embedding of SO(N) in SU(N) shown
in Table 1. This is the same as the case of Sp(N) except that there is a negative O3−
plane rather than positive one. The SO(N) gauge theory with N even is self dual under
the Montonen-Olive duality. This corresponds to the fact that O3− is self dual under the S
duality. We now describe the SO(N) gauge theory on D3 brane from the D1 brane point of
view that leads to the relation with the Nahm data. The analysis is the same as previous
SO(2n+ 1) case. The geometrical world sheet parity transformation properties lead us to
the antisymmetric projection CN−a = −Cta, which is the same as the symmetry constraints
of Nahm data in Eq. (11).
Notice that there are no nonsingular monopoles for SO(2) which can be interpreted as
due to the fact that the fundamental strings between D3 branes which obtained by S-duality
are projected out when we have O3− plane. For higher N  4 case, it is straightforward to
analyze according to the above projection description.
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µ µ µ µ µ µ
m
m
1 2 N/2 N/2+1 N-1 N
1
N/2
















µN/2 = - µ2 = µ- 1=-
= m1
Figure4: Brane conguration with orientifold O3− denoted by the hexagons for SO(N)
monopoles. The images are constrained as above by orientifold projection.
IV. DISCUSSION AND CONCLUSION
We have studied the correspondence between the brane web of D3 branes and D1 branes
with orientifold in type IIB string theory and the Nahm’s data for the general BPS eld
conguration which can be summarized as
 The asymptotic Higgs elds, a $ the x6 position of D3 brane.
 The magnetic charge of fundamental monopole, ma $ the number of D1 branes
stretched between two D3 branes.
These are already known for SU(N) monopoles and the new things for SO(N) and
Sp(N) are as follows.
 The constraints on a and ma from the embeddings of SO(N) and Sp(N) in SU(N)
$ O3 plane projection.
 The existence of matrices Ca in Eq.(11)$ O3 plane projection ( the worldsheet parity
) of D1 branes.
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As we have seen, O3 plane plays the crucial role in understanding the SO=Sp monopoles
in brane conguration providing the natural physical origin of the Nahm’s equation and its
boundary conditions, which was mysterious at the eld theory level.
The moduli for the multimonopoles also have a natural interpretation in brane congu-
ration as the Wilson loop and the motion of the D1 branes. Considering the recent progress
of the metrics in the moduli space in various aspects in the eld theories [20], it is interesting
to describe these and to study the monopole scattering in detail in terms of branes.
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